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Let G be a finite subgroup of 5X,(C), acting primitively in @*. Then G 
is a binary tetrahedral, octahedral, or icosahedral group. Denote by G ” the 
set of its irreducible complex characters. McKay’s correspondence 
associates to G a Dynkin diagram D of affine type with vertex set G” , 
which is connected without multiple bonds. It has one branch point and 
three branches, whose lengths (including the branch point) we denote by 
a, b, c. We have 
We shall assume that a 2 b 2 c. Then b and c divide a (see [3, No. 31 for 
these facts). 
In [3] explicit formulas are given for the Poincari series for covariants 
of G (acting in C*). In the present note we shall show how these formulas 
can be used to describe the values of the irreducible characters of G. In 
particular, we shall find a character formula for the icosahedral group. 
1. CONJUGACY CLASSES 
We first recall some well-known facts. 
1.1. Let A be the set of lines in C2 fixed by some gE G- { f 1 }. 
Then G operates on A and has three orbits. If 1 E A the subgroup G, of G 
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fixing I is cyclic of even order. Denote by 2p, 2q, 2r the orders of the G,, 
for 1 in the respective three orbits. Then 
!+1,‘=1+4 
P 4 r ICI (1) 
(see, for example, [2, 4.41). Let CI, /I, y be generators for three groups G, 
defined by representatives of the orbits, of respective orders 2p, 2q, 2r. We 
may assume that 
up = p = yr = @y = - 1. 
In fact, (01, /3, yIc~~=~~=y’=c$y) is a presentation of G (see 
[ 1, 7.4, 11.73). 
1.2. Fix a G-invariant positive definite Hermitian form on C2. If 
1 E A its orthogonal complement 1 i relative to this form also lies in A. We 
thus obtain a permutation (T of A of order 2, which induces a permutation 
of G-orbits. There are two possibilities: (a) cr fixes all orbits, in which case 
all elements of G are conjugate to their inverse (and all characters of G are 
real-valued); (b) (T fixes one orbit and permutes the other two, in which 
case two of the integers p, q, r are equal (case (b) occurs only in the case 
of the tetrahedral group). 
1.3. The conjugacy classes of G are represented by the elements 1, 
- 1, ah (0 <h -C p), pi (0 < i < q), y’ (0 <j< r). The number of conjugacy 
classes isp+q+r-1. 
This follows readily from the facts stated in 1.1 and 1.2. 
1.4. Let f be a class function on G. Then 
&f(g)= -;fu-;f(-l)+f~&( 1 f(g)), 
gaGi 
1 running through a set of representatives of the G-orbits in A. 
This is a consequence of the results recalled in 1.1 (including (1)). 
1.5. We fix some more notation. Let x be the character of the 
standard representation of G in C2 and denote by xh (h 20) the hth 
symmetric power of x. If v E G” denote by mhv the multiplicity of v in xh 
and let 
P,(T)= f mhuTh 
h=O 
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be the corresponding Poincare series for covariants. By [3, 4.2(b)] we have 
the following formula for the Poincare series P,(T) for invariants: 
1 _ 7-2”-2+ 774”~4 
‘(CT)= (1 _ 7-20~2)(1 _ Th) 
By Molien’s formula we also have 
W)=j& c ’ geC det(l - gT)’ 
We next identify the integers p, q, r. 
(2) 
1.6. {p,q,r}={a-l,b,c}. 
This follows by inspection of the three possible cases. But one can also 
deduce 1.6 from the results of [S], in the following manner. 
We first show that a - 1 E {p, q, r}. Let [ be a primitive (2a - 2)th root 
of unity. It follows from (2) that P,(T) has a pole of order one for T= [. 
By (3) this implies that some g E G has [ as an eigenvalue. Consequently, 
a - 1 divides one of the integers p, q, r, say p. 
Now a is the largest integer such that x0, xi, . . . . x,_ , are irreducible 
characters of G [3, No. 31 and since G is primitive we have a > 2 [3, 
2.3(b)]. Moreover, if 2s> 2 is the order of an element of G then x,, is 
irreducible for h 6 s - 1 [3, 2.3(c)]. It follows that p < a. Since, moreover, 
u > 2 and a - 1 divides p, we must have a - 1 = p, as is easily seen. 
By 1.3 the number of conjugacy classes of G is a+ q + r-2. By 
[3, 3.2(b)] this also equals a + b+ c-2, so q+r= b + c. Using that 
IGI =4u(u-1) [3, 3.2(c)] we find from (1) that l/q+ l/r= 1 -l/u= 
l/b + l/c. Hence qr = bc and {q, I} = {b, c}. This proves 1.6. 
We take p = a - 1, q = b, r = c. Since b and c divide a, p and q (resp. p 
and r) are relatively prime. 
We fix a primitive Yh root of unity {, with s > 2. 
1.7. Assume there are two non-conjugate elements of G with eigen- 
value [. Then either s=3 or 6 undq=r=3 or q=2r=s=4. 
Let g be an element of G with eigenvalue [. We know that s divides one 
of the integers 2p, 2q, 2r. If it divides 2p, it cannot divide 2q or 2r. So then 
g is conjugate to a power of TV and we conclude that its conjugacy class is 
unique. If s divides only one of the integers 2q, 2r we obtain the same 
conclusion. 
The case remains that s divides both 2q and 2r and that the conjugacy 
class of g is not unique. The rational function P,(T) has a pole for T = [ 
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(since q divides a). Computing its residue in two ways (using (2) and (3)) 
we obtain 
Since l/q + l/r = 1 - l/a, we find 
p+i-*= 1 -a 
Since -2<[2+[p2<2, we have l<a<4. If a=3 then c2+ce2= -1 
and s = 3 or 6. Moreover l/q + l/r = 213, which can only be if q = r = 3. 
If a=4 then [2+[-2= -2 and {*= -1 so s=4. Moreover 
l/q + l/r = 314, giving q = 4, r = 2. The assertion is proved. 
In the first case of 1.7, G is a tetrahedral group and the two conjugacy 
classes in question may be represented by p’ and y2 (resp. /I and y). In the 
second case, G is an octahedral group and the conjugacy classes may be 
represented by p’ and y. 
1.8. If gE G is not conjugate to its inverse then g has order 3 or 6 
anda=b=c=3. 
This follows from 1.7 and the facts stated in 1.2. In the situation of 1.8, 
G is a tetrahedral group. 
We notice the following consequence of 1.7. 
1.9. Zf G is the icosahedral group a conjugacy class is uniquely deter- 
mined by the eigenvalues of its elements. 
2. CHARACTER VALUES 
2.1. We view the characters v E G” as vertices of the Dynkin 
diagram D. The trivial character is an endpoint of D, of a branch with 
length a. (If one deletes this vertex and the edge ending in it one obtains 
the ordinary Dynkin diagram associated to D, see [3, No. 51.) The other 
endpoints of D are characters y and z, which we take to be of degree a/b 
and a/c, respectively. The irreducible characters of G then are x,, 
(O<h<a-1), xiy (O<i<b-2), xIz (O<i<c-2), see [3, No.33. 
It is shown in [3, No. 41 that the Poincare series P, (v E G ” ) is a 
rational function with denominator (1 - T2”- 2)( 1 - Tza). The numerator 
G, is given by 
BINARY POLYHEDRAL GROUPS 645 
G,(T)= Th+ T4u-4-h+ T2a-h 
l-l-h-2 
1 _ T2 if v=xh, 
Ta+b-i-2 
1 - 7-Z” 1 _ T2’+2 
= 
ir-p 1 - T2 
if v=x,y, 
= T”+CPj-21-T2” l-T”+’ 3. 1 - T2 
if v = xjz. 
We shall now describe character values for G, in terms of the polyno- 
mials G,. We shall use the following formula, which is a consequence of the 
generalization of Molien’s formula (3) for arbitrary irreducible characters: 
Let [ be a primitive sth root of unity and assume that g E G has eigenvalue i. 
2.2. Assume that the conjugacy class of g is unique. 
(i) v(g) = G,(i) if either c2 = 1 or ifs divides 2p = 2a - 2; 
(ii) If s > 2 and s divides 2q or 2r then v(g) = - (q/a) G,(i) (resp. 
v(g) = - (r/a) G,(i)); 
(iii) G,(i) #O and v(g) = G,(I)/G,(I). 
The proof of (i) and (ii) follows by determining the residues at the pole 
T= c of both sides of (4) using that ICI = 4a(a - 1). Then (iii) is a direct 
consequence of (i) and (ii). 
In the case that G is an icosahedral group 2.2 applies for all elements g, 
by 1.9. Then 2.2(iii) gives a uniform character formula. 
Notice that the formulas of 2.1 show that G, is completely determined by 
the position of the vertex v in the Dynkin diagram D. 
Next assume that s > 2 and that the conjugacy class of g is not unique. 
The two possible conjugacy classes are represented by B2, y2 (resp. /?, y) in 
the tetrahedral case and by /?‘, y in the octahedral case. 
2.3. (i) In the first case 
4B’) + 4~‘) = - i2G,(Wesp. o(B) + V(Y) = -C2Gv(l)); 
(ii) In the second case 
dfi’) + 24~) = -i2GJi). 
This follows again by determining residues. 
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2.4. Let g be as before. It is clear that 
x,(g)=h+ 1 if g= 1, 
=(-l)“(h+l) if g=-1, 
i hfl -iph-’ 
= 
r-i-’ 
if s > 2. 
The description of the irreducible characters of G recalled in 2.1 shows that 
the values in g of the irreducible characters are completely determined by 
the values of y(g) and z(g). Since x,~,~=x,.-,z=x,-, [3, No.31 
we have y( - 1) = (- l)“+b(a/b), z( - 1) = (- l)“‘“(a/c) (and recall that 
y( 1) = u/b, z( 1) = u/c). Also, 2.2 determines y(g) and z(g) in the case that 
the conjugacy class of g is unique. 
In the first exceptional case of 1.7 we have a = b = c = 3, so y and z have 
degree 1. There are three characters of degree 1, so we must have yz = 1. 
Also, y( - 1) = z( - 1) = 1. We have G,(T) = G,(T) = T4. With the notations 
of 2.3(i) we find that y(b*)= y(/Q2 and 
v(B) + Y(Y) = L’(B) + Y(B)-’ = - 1. 
We conclude that y(B) = y(y))’ = z(b)-’ = z(y), which is a third root of 
unity. Notice that y(x) = 1, by 2.2(i). 
2.5. In the second exceptional case of 1.7 we have a = b = 2c = 4. 
Now y has degree 1 and z degree 2. Moreover, G,(T) = T6, G,(T) = 
T4( 1 + T4). 
2.3(iii) gives y(B2) + 2y(y) = - 1. Since v(g) = f 1 for all gE G (as there 
are two characters of degree 1) we must have y(y) = - 1. 
From 2.2(ii) we find y(u)= 1, y(p) = - 1. We also find from 2.2(ii) 
that z(x) = c + {-I, where [ is a third root of unity, z(p) = 0 and 
z(/3’) + 2z(y) = 2. Also, z( - 1) = 1. Let p: G + GL,(@) be a representation 
with character z. Then p(a) has eigenvalues c and <-’ and p(p) has eigen- 
values 1, - 1, or i, -i. In the first case z(B’) = 2, z(y) = 0 and in the second 
case z(p’) = -2, z(y) = 2. But if z(y) = 2 we have p(y)= 1. Since C&J = - 1, 
we then had p(cr)p(p) = 1, which is impossible. We conclude that z(p’) = 2, 
z(y) = 0. This determines the values of z. 
2.6. If v is a non-trivial character of degree 1 then v(g) = 1 if the 
order of g divides 2p = 2a - 2 and v(g) # 1 if g has order 24 or 2r. 
This follows from the preceding analysis. But it can also be seen by a 
general argument. 
If v has degree 1 and is non-trivial then G,(T) = TZUe2 and it then 
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follows from 2.2 that u(g) = 1 if the order of g divides 20 - 2 (notice that 
O( - 1) = 1). Now apply the formula of 1.4 with f = v. The left-hand side is 
zero. The formula then shows that there is only one conjugacy class of 
subgroups G, such that the restriction of v to such a G, is trivial. This 
proves 2.6. 
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